
Chapter 5 and 6

Section 3: Span and Spanning Sets

(book sections 5.1 and 6.2)



Ideas in this section… 

1) The Span of a set of vectors

2) Examples of Span

3) Span is a subspace

4) Is a vector in span?

5) Spanning sets



Def: 

1) If { Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛 } are vectors in vector space V, then Ԧ𝑣 ∈ 𝑉 is called a linear 

combination of the vectors Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛 if there are scalars 𝑎1, 𝑎2, … , 𝑎𝑛 ∈ ℝ 

such that

Ԧ𝑣 = 𝑎1 Ԧ𝑣1 + 𝑎2 Ԧ𝑣2 + ⋯ + 𝑎𝑛 Ԧ𝑣𝑛

2) If { Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛 } are vectors in vector space V, then the set of all linear 

combinations of the vectors Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛 is called their span and is denoted by

𝑠𝑝𝑎𝑛  Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛 =  𝑎1 Ԧ𝑣1 + 𝑎2 Ԧ𝑣2 + ⋯ + 𝑎𝑛 Ԧ𝑣𝑛 𝑎1, 𝑎2, … , 𝑎𝑛 ∈ ℝ }

Notes:

• Each individual vector  Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑘  is in  𝑠𝑝𝑎𝑛 Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑘

• Any vector you can create by taking some (or all) of the vectors  

Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑘  and combining them by vector addition or scalar 

multiplication is in  𝑠𝑝𝑎𝑛 Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑘

Span



Ex 1:  “Find”  𝑠𝑝𝑎𝑛
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Examples of Span



Ex 2:  Visualize 𝑠𝑝𝑎𝑛
0
0

 geometrically

Examples of Span



Ex 3:  Visualize 𝑠𝑝𝑎𝑛
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 geometrically

Examples of Span



Ex 4:  Visualize 𝑠𝑝𝑎𝑛
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Examples of Span



Ex 5:  Visualize 𝑠𝑝𝑎𝑛
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Examples of Span



Ex 6:  Find some vectors in  𝑠𝑝𝑎𝑛
3

−1
,
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Then find all vectors in the span, and visualize geometrically

Note: If a vector is added to the list, but is in the span of the previous 

vectors, then you don’t get any new vectors in the new span

Examples of Span



Ex 7:  As a subset of  𝐹(−∞, ∞)  what is 𝑠𝑝𝑎𝑛 𝑒𝑥, 𝑒−𝑥 

Examples of Span



Thm 6.2.2: Let 𝑉 be a vector space, let Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛 ∈ 𝑉 and let                      

𝑈 = 𝑠𝑝𝑎𝑛  Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛 . Then…

Span is a subspace

1) U is a subspace of V

2) U contains each individual vector Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛

3) U is the smallest subspace of V containing each of the vectors Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛

(this means that any subspace of V that contains each of the vectors 

Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛 must contain all of U



Is a given vector in the Span?

Ex 8:  Let  Ԧ𝑥 = (2, −1, 2, 1)  and  Ԧ𝑦 = (3, 4, −1, 1).

a) Is  Ԧ𝑝 = 0, −11,8,1 ∈ span( Ԧ𝑥 , Ԧ𝑦 ) ?



Note About Systems of Linear Equations and 

Matrix Equations

𝑎𝑥1 + 𝑏𝑥2 = 𝑒

𝑐𝑥1 + 𝑑𝑥2 = 𝑓
𝑎 𝑏
𝑐 𝑑

𝑥1

𝑥2
=

𝑒
𝑓 𝑥1

𝑎
𝑐

+ 𝑥2
𝑏
𝑑

=
𝑒
𝑓

Are all equivalent!



Is a given vector in the Span?

Ex 8:  Let  Ԧ𝑥 = (2, −1, 2, 1)  and  Ԧ𝑦 = (3, 4, −1, 1).

b) Is  Ԧ𝑞 = 2, 3,1,2 ∈ span( Ԧ𝑥 , Ԧ𝑦 ) ?



Ex 9: Let 𝑝1 𝑥 = 1 + 𝑥 + 4𝑥2 and 𝑝2 𝑥 = 1 + 5𝑥 + 𝑥2 in 𝑃2. Determine 

whether 𝑝1 𝑥  and 𝑝2(𝑥) lie in 𝑠𝑝𝑎𝑛{1 + 2𝑥 − 𝑥2, 3 + 5𝑥 + 2𝑥2 }

Is a given vector in the Span?



Ex 10: Is  
1 2

−2 1
∈ 𝑠𝑝𝑎𝑛

1 2
3 4

,
1 1
0 1

,
−1 4
−3 2

? 

Is a given vector in the Span?



Ex 11: a) Is  cos 2𝑥 ∈ 𝑠𝑝𝑎𝑛  sin2𝑥, cos2 𝑥 ? 

Is a given vector in the Span?



Ex 11: b) Is  𝑥2 ∈ 𝑠𝑝𝑎𝑛  sin 𝑥  , 𝑒𝑥 ? 

Is a given vector in the Span?



Def: Let  V  be a vector space. A finite set of vectors  Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛  is a 

spanning set of  V  if  𝑠𝑝𝑎𝑛  Ԧ𝑣1, Ԧ𝑣2, … , Ԧ𝑣𝑛 = 𝑉.   

Spanning sets

“Goal”:  To find a spanning set of a given vector space  V  ( or  U !)



Ex 12a: Show that  ℝ3 = 𝑠𝑝𝑎𝑛{ Ԧ𝑒1 , Ԧ𝑒2 , Ԧ𝑒3 }

Spanning sets

Recall: Note About How To Prove That 2 Sets Are Equal

Def:  If  𝐴  and  𝐵  are 2 sets,  A  is a subset of  B  (denoted  𝐴 ⊆ 𝐵) if  

every element of  𝐴  is also an element of  𝐵.

I.e.  ∀ 𝑥 ∈ 𝐴 , 𝑥 ∈ 𝐵.

The most common way to show  𝐴 = 𝐵  is to show…  

1) 𝐴 ⊆ 𝐵 and   2) 𝐵 ⊆ 𝐴 



Ex 12a: Show that  ℝ3 = 𝑠𝑝𝑎𝑛{ Ԧ𝑒1 , Ԧ𝑒2 , Ԧ𝑒3 }

Spanning sets



Ex 12b: Show that  ℝ3 = 𝑠𝑝𝑎𝑛{ 2, −4,2 , 1,0,1 , 1,2,3  }

Spanning sets



Ex 12c: Show that  ℝ3 ≠ 𝑠𝑝𝑎𝑛{ 1,2,1 , 0,1, −1 , 3,4,5  }

Spanning sets



Ex 13a: Show that 𝑃3 = 𝑠𝑝𝑎𝑛{ 1, 𝑥, 𝑥2, 𝑥3 }

Spanning sets



Ex 13b: Show that 𝑃3 = 𝑠𝑝𝑎𝑛{ 𝑥2 + 𝑥3, 𝑥, 2𝑥2 + 1, 3 }

Spanning sets



Ex 14: Find a spanning set for  

𝑈 =
2𝑟 𝑟 + 3𝑠

𝑟 − 𝑡 2𝑟 + 4𝑠 + 𝑡
 | 𝑟, 𝑠, 𝑡 ∈ ℝ   

Spanning sets



Ex 15: Show that there is no finite set of vectors that span  P.  

Spanning sets



What you need to know from the book

Book reading

Section 5.1 pages 266 - 268 

Section 6.2 pages 341 - 343

Problems you need to know how to do from the book

Section 5.1 page 269 #’s 3 - 5, 7 - 12, 16df, 18, 21

Section 6.2 page 343 #’s 6 - 16, 18 - 20, 24, 25, 27
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